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Abstract—In addition to the information on response pattern/accuracy, 
Computer-Based Testing (CBT) can also generate information on response 
time. This research contributes to develop two-parameter logistic model with 
random variables of response time for CBT power test. Based on that model, the 
probability of the test taker answering the test questions correctly is influenced 
by the test taker’s ability, the test question’s discriminating power, the ques-
tion’s level of difficulty, the delay due to the test question’s factors and re-
sponse time. The development of this model aims to improve the parameter es-
timation of the logistic model on Item Response Theory (IRT) which does not 
consider the response time of the model. This model is simultaneously devel-
oped using joint distribution concept, by multiplying the conditional distribution 
of response accuracy (two-parameter logistic model) by response time with 
marginal distribution of response time. The marginal distribution chosen in this 
study is lognormal distribution because it has positive value in the form of posi-
tive skewed according to the characteristics of the response time. To prove the 
model is suitable for power test, is tested using CBT data. The study found that 
the simultaneous model generated from the multiplication between the two-
parameter logistic model integrated with response time and the lognormal re-
sponse time model is an appropriate model for CBT power test.  

Keywords—Logistic Model, Response Time, Lognormal, Joint Distribution, 
CBT.  

1 Introduction 

Due to the advancement of technology and information, conventional tests using 
papers or Paper Based Test (PBT) has been replaced with tests using computers or 
Computer Based Testing (CBT). By conducting tests using computers, complex in-
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formation not only about the response patterns from the test takers but also about the 
response time on how they answer each of the questions can be obtained [1]. Re-
sponse time can be described as time required by a test taker to read and answer one 
question on the test [2]. In understanding the behaviour of the test takers, response 
time is one of the most important variables considered during the test. Response time 
can be used to identify the type of strategy used by the test participants, whether they 
just guess the answer or they do read and answer the questions carefully. This guess-
ing behaviour is probably done by test takers to answer the questions because they 
realize that they will run out of time soon [3]. 

Regardless of the PBT or CBT method, there are two main parameters used in a 
test. The first parameter is response accuracy that shows how true the test takers an-
swer the question, and the second one is response time that shows how fast the test 
takers answering the question although not all test organizers record the information 
on response time. Using these two parameters, the information on whether the test 
participants pass or fail the test and whether they are categorized into slow or fast can 
be obtained [4]. Therefore, in the measurement process, response time should also be 
considered because it can improve the parameter estimation on IRT (Item Response 
Theory) model that only consider response accuracy. This statement is supported by 
Schnipke and Scrams [5] who also consider the response time on their models to es-
timate the ability of the test takers. Hornke [6] also argues that response time is an 
essential variable that should be taken into account as it shows the behaviour of the 
test takers that has to be distinguised from the score in answering the questions. 
Abdelfattah [7] showed in his study that there was a difference in the parameter esti-
mation of the test takers’ ability and the parameter of test questions between the mod-
els that consider and do not consider response time.  

According to Ethink [8], mathematically response time models can be done in three 
ways: 

• Exclusive response time model, that is done if the questions tested are easy and the 
time given is very limited 

• Separate response time model, in which the information on the response time and 
the accuracy of the score are obtained separately/ independently 

• Simultaneous response time model, that is obtained using the joint distribution 
concept by combining accuracy parameter and response time parameter into the lo-
gistic model using random variable of response time simultaneously. Simultaneous 
model is a complex mathematical model as it has many parameters. Bayesian 
method is considered appropriate to estimate the parameter of test takers and test 
questions. According to Natesan [9], Bayesian method can estimate parameter 
models that are very complex, violate IRT basic assumptions, and have very small 
sample size. The numerical solution to this complex estimation of parameter model 
can be done using Markov Chain Monte Carlo method [10]. 

In developing response time model, test types should also be taken into considera-
tion, whether it is a speed test or power test. According to Gulliksen [11], pure speed 
test is a test done in limited time whose level of the difficulty of the questions is the 
same (easy to answer correctly) and then the score is calculated based on the total 
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amount of time spent by the test taker to answer all the quesions. Meanwhile, pure 
power test is a test in limited time whose level of difficulty of the questions varies and 
the score is calculated based on the number of questions answered correctly. In prac-
tice, pure power test does not exist because every test is always conducted with time 
constraction [12]. By implementing the time construction, there is other aspects in-
volved in answering the test questions, i.e. speed aspect. Test takers’ speed can be 
measured from their response time spent answering each of the questions. This model 
is developed due to the time constraint on the power test. Rouder, Province, Morey, 
Gomez, and Heathcote [13] developed response time model in speed test to measure 
the test taker’s cognitive ability called Lognormal Race Model. Finishing time (re-
sponse time) is assumed to have lognormal distribution as the distribution is consid-
ered to be suitable with the response time characteristics. According to Lindsey [14], 
there are several characteristics worth considering in choosing the distribution of 
response time: 

• It should be positive 
• Positive skewed (the probability of short response time is bigger than that of long 

response time). The distributions considered suitable to both characteristics are 
lognormal distribution, weibull and gamma [14]. 

Each developed response time model has its own specifications, weaknesses and 
strengths. There is no standard model that can be used to model all response time 
cases in every test because the distribution of response time can be various [15]. 
Therefore, the development of model considering the response time is continuously 
done to improve the current existing model to get the most reliable model. Not every 
response time model developed for power test is proven effective for power test, for 
instance, Ingrisone II [16] that is intended to be used in power test, according to Hi-
dayah and Kumaidi [17] is proven more suitable for speed test because each of the 
questions is easy to answer correctly in limited time. This study aim to develop two-
parameter logistics model with random variable of response time for power test, 
whose chosen parameters are limited to the difference of the questions (aj), the diffi-
culty level of the questions (bj), the ability of the test takers (Ɵi), the delay due to the 
questions (di) and response time (tij). This model is simultaneously developed using 
joint distribution concept with lognormal marginal distribution. The resluted parame-
ter model is estimated using Bayesian Markov Chain Monte Carlo method with Gibbs 
Sampling algorithm. The test on the model suitability is done using CBT data. The 
method used to test the suitability is Posterior Predictive Model Checking (PPMC) by 
comparing the difference between the data from observation and the result of model 
prediction.  
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2 Literature Review 

2.1 Item response theory (IRT) model 

Modern test theory that is commonly known as Item Response Theory (IRT) is de-
veloped by measurement experts to minimize the the weaknesses of classical theory. 
Looking at the number of parameters, there are some models known as IRT, which 
are one-parameter logistic model, two-parameters logistic model, and three-
parameters logistic model [18]. The main parameter in IRT calculation is the ability of 
the test takers. The parameter symbol of test taker’s ability is ϴ (theta). The value 
interval of ϴ is infinite because it ranges from interval - to , however the value 
of ϴ can be determined at a standard interval, between -4 and 4 [19].  

On one-parameter logistic model, the level of difficulty of the questions (b) is de-
fined as a value on the scale of test taker’s ability whose probability to answer the 
questions correctly is 0.5 [19]. On one-parameter logistic model, the test taker’s prob-
ablity in answering the question correctly can be formulated as follows.  

  (1) 

On two-parameter logistic model, it involves not only the parameter of the ques-
tions’ level of difficulty (b), but also the parameter of discriminating power (a). Pa-
rameter of discriminating power (a) aims to identify whether a question can differen-
tiate whether a group is measurable or not based on the differences existing in the 
group. The test taker’s probability in answering the questions correctly for two-
parameter logistic model can be formulated using the following formula [19]:  

  (2) 

Three-parameter logistic model involves not only the parameter o the questions’ 
level of difficulty (b), the discriminating power (a), but also the parameter of pseudo 
guessing (c). Pseudo guessing parameter is the tes taker’s probability to guess the 
answer correctly. The formula for three-parameter logistic model [19] is as follows. 

  (3) 

According to Hambleton, Swaminathan and Rogers [19], big size of sample has to 
be used to make the estimation parameter stable. While to estimate the ability, Maxi-
mum Likelihood Estimation (MLE) can be used. 
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2.2 Response time model 

Respose time or response latency is time required by a test taker to read and answer 
one test question [2]. Although the theory of model topics has been widely discussed, 
the discussion is not as much as the theory of IRT model. Response time model can 
provide information on how fast a test taker answers a test question. Speed variable 
also indicates the types of strategy used by the test taker, whether he/she just guesses 
or do the test seriously like how it is supposed to be. 

The theory of response time has been reviewed in three different ways 

• Exclusive response time model, that is done if the questions tested are easy and the 
time given is very limited 

• Separate response time model, in which the information on the response time and 
the accuracy of the score are obtained separately/independently 

• Simultaneous response time model, that is obtained using the joint distribution 
concept by combining accuracy parameter and response time parameter into the lo-
gistics model using random variable of response time simultaneously. 

The chosen way used to develop the model in this study is the third model, that is 
simultaneous model between response accuracy and response time. Besides, accord-
ing to Schnipke and Scrams [5], the development of simultaneous model done by the 
experts are also based on three things, that are: 

• Test type, whether it is speed test or power test 
• The assumption of response time distribution used 
• The assumption of the relation between response accuracy and response speed. 

Research on the development of simultaneous model between response accuracy 
and response time has not been done much. Some experts who develop this are Ros-
kam [20], Verhelst, Verstralen and Jansen [21], Wang and Hanson [22], Wang [23], 
Ingrisone [24], Ingrisone II [16] and Hidayah and Kumaidi [17].  

Roskam [20], Verhelst, Verstralen and Jansen [21] involve response time parame-
ter into Rasch model. However, both developed models have limitation as it can only 
be used in speed test. Roskam [20] implements weibull distribution to show the char-
acteristics of response time, while Verhelst, Verstralen and Jansen [21] uses gamma 
distribution. Response time in both models is the total amount of time required by test 
takers to answer all test questions, not time required to answer one question. The 
following is model of Roskam [20]: 

  (4) 

Based on the model above, the test taker’s ability is symbolized as , response 
time is symbolized as , and the level of difficulty is symbolized as . The symbols 

,  and is the logarithm of ,  and . Based on the relation between parame-
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ters on the mentioned model above, it can be concluded that the test taker’s ability in 
answering the test questions correctly will rise if the time is given more, and the test 
taker’s speed is an important aspect influencing the time required by the test taker to 
answer one test question [12]. 

The limitation of Roskam [20], Verhelst, Verstralen and Jansen [21] is improved 
by Wang and Hanson [22] by implementing the parameter of response time into the 
three-parameter logistic model that, according to Wang and Hanson [22], is suitable 
for power test. In this model, response time is assumed as fixed variable, so it is con-
sidered to have four parameters that then is known as four-parameter logistic model. 

Wang and Hanson [22] improve their model based on the assumption that response 
time is fixed variable in which there are many variables that may influence response 
time of a test taker (random variable), by multiplying four-parameter logistic model as 
conditional response distribution by time response using one-parameter weibull distri-
bution as marginal response time (joint distribution concept). However, according to 
Wang [23], the implementation of one-parameter weibull distribution needs to be 
reviewed as it is considered too simple to read the reality in measurement practice. 
The following is model of wang [23]: 

  (5) 

Based on the model above, a test taker’s ability is symbolized as , discriminating 
power is symbolized as a, the level of difficulty is symbolized as b, and pseudo guess-
ing is symbolized as c, while delay parameter due to test questions is symbolized as d, 
response time is symbolized as  and delay parameter due to the test taker is symbol-
ized as [23]. 

Ingrisone [24] and Ingrisone II [16] also develop a model using joint distribution 
concept. The differenci is, Ingrisone [24] multiplies two-parameter logistic model as 
conditional item response distribution by response time using modified lognormal 
marginal distribution, while Ingrisone II [16] multiplies one-parameter logistic model 
as conditional item response distribution by response time using two-parameter mar-
ginal weibul distribution. According to Ingrisone II [16], the developed simulataneous 
model is suitable for power test. However, in the next study, Hidayah and Kumaidi 
[17] shows that, in the same amount of response time and the different level of test 
takers’ ability, the probability of answering the test questions correctly is almost the 
same (speed test). Model of Ingrisone [24] is as follows. 

  (6) 

Based on the model above, the test taker’s ability is symbolized as , dicriminat-
ing power is symbolized as a, the level of difficulty is symbolized as b, and response 
time is symbolized as . Parameter  is coefficient regresion from time variable 
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whose value is constant.  will have value if the response time influences the proba-
bility of the test taker answering the test questions correctly, and  will be zero if the 
response time does not influence the probability of the test taker answering the test 
questions correctly Ingrisone [24]. The following is model of Ingrisone II [16]. 

  (7) 

Based on the model above, the test taker’s ability is symbolozed as , the level of 
difficulty is symbolized as b, and response time is symbolized as . Parameter  is 
coefficient regresion from time variable whose value is constant.  will have value if 
the response time influences the probability of the test taker answering the test ques-
tions correctly, and  will be zero if the response time does not influence the proba-
bility of the test taker answering the test questions correctly, the mentioned model 
above will be one-parameter logistic model.  

The limitation of Ingrisone II [16] is improved by Hidayah and Kumaidi [17] by 
implementing the parameter of response time into one-parameter logistic model using 
joint distribution concept for power test. Hidayah and Kumaidi [17] used marginal 
lognormal distribution in which  is defined as funtion of the speed and the effort 

required by a test taker in doing the test. According to Hidayah and Kumaidi [17], 
factors influencing both parameters need further reviewing. The following is model of 
Hidayah and Kumaidi [17]: 

  (8) 

Based on the model above, the test taker’s ability is symbolized as , the level of 
difficulty is symbolized as b, and response time is symbolyzed as . If the value of t is 
infinite (test does not have time contraint), model of Hidayah and Kumaidi [17] is the 
same with one-parameter logistic model. The limitation of defining 

 
in model of 

Hidayah and Kumaidi [17] can be used by other researchers as the basis of developing 
simultaneous model between response accuracy and response time to be a more realis-
tic model. 

2.3 Test 

Test is a set of planned questions or tasks to obtain information on trait (educati-
onal or psychological attributes) in which each of the questions or tasks has a certain 
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answer regarded as correct [25]. Based on the definition, every test requires responses 
from a subject (test taker) that can be concluded as a trait that belongs to that person. 
In general, tests are usually used to measure the students’ learning outcomes especial-
ly the cognitive outcomes related to the understanding of learning materials in accor-
dance with the purpose of teaching and learning [26]. Tests are standard and objective 
measure that can be used in wide contexts to measure and compare the individual’s 
psychological and behavioral state.Based on their purposes in educational contexts, 
tests can divided into: 

Speed Test: This test aims to evaluate the test taker’s ability in terms of the speed 
of thinking or skill whether it is logical skill, roting skill, or the skill in understanding 
the subjects that have been learned. The time provided to answer all questions in the 
test is shorter compared to that in other tests, as the most important thing is the mini-
mum time used to correctly answer as many questions as possible. 

Power Test: This test aims to evaluate the test taker’s ability in a certain field with 
no time constraint. The evaluated skills are both cognitive and psychomotor. The test 
questions are usually more difficult, involving various different concepts and it re-
quires the test takers to implement problem solving and use all of their abilities in 
analyzing, systesizing, and evaluating.  

The test can be divided into two types, i.e. conventional and modern test. Conven-
tional test is known as Paper Based Test (PBT) or Paper Pencil Test (PPT), while 
modern test is known as Computer-Based Testing (CBT). PBT or PPT uses paper and 
pencil with certain numbers of questions (fixed length) and the score calculation is 
done manually by human. Meanwhile, CBT uses computer with certain numbers of 
questions (fixed length) and the score calculation is done automatically using comput-
er assistance. 

The conventional test system is now regarded as less effective, efficient, and tends 
to cause problems so it is easily replacable with modern test. In the advanced techno-
logical and informative era, it is very feasible to conduct a computer based test [27]. 
The existence of CBT make the students easier to do self assessment as CBT is able to 
provide direct score and feedback. According to Linacre and Rudner, the advantages 
of CBT are the fexibility of the test management, the security of the test, the improved 
motivation to be IT literate, and the efficiency of time [28]. Table 1 explains the dif-
ference between PBT and CBT in more details. 

Table 1.  The Difference between PBT and CBT 

PBT CBT 
The test is similarly designed for all test takers and 
it is done manually 

The test is similarly designed for all test takers and it 
is done using computer 

The test set needs multiplication  The test set does not need multiplication 
It is difficult to anticipate leaking It is relatively easy to anticipte leaking 
It is difficult to secure and to send It is easy to secure and to send 
Time allocation and the number of questions have 
been decided before, so banks of questions are not 
needed, and the scoring process requires some time 

Time allocation and the number of questions have 
been decided before, so banks of questions are not 
needed, and the scores can be obtained immediately 
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Besides all the strength that have mentioned above, CBT also has some weakness-
es, i.e. it costs bigger in the early process of the development and the maintenance and 
technological facilities have always to be available in every situation, for example, the 
availability of the internet when an online test is conducted and the test taker has to be 
able to operate the computer. 

In addition, there are some conditions that need to be fulfilled so that CBT can be 
conducted well, i.e. the availability of bank of questions whose level of difficulty is 
various completed with the test question’s characteristics; the availability of comput-
ers in sufficient numbers; the availability of internet connection with enough band-
width; and the availability of supportive application programs. 

3 Material and Methodology 

This research is a development research, it aims to develop a product in the form of 
mathematical formula that is simulataneous model between response accuracy and 
response time for power test. This model is developed by implementing joint distribu-
tion concept, that is a multiplication of conditional ditribution model of response ac-
curacy with response time, which is the two-parameter logistic model with marginal 
distribution model of the response time. At this point, response time is assumed as a 
random variable, since the response time is not only controlled by the test administra-
tion officer or computer, but also other factors that influence the speed of a test taker 
in answering one test question. The chosen marginal distribution is lognormal distri-
bution because it has positive value and it is in the form of positive skewed in accord-
ance with the response time characteristics and it is easy to present compared to 
weibull and gamma distribution. 

The developed mathematical model is arranged by the parameters that influence 
the probability of a test taker in answering the test question correctly, such as test 
taker’s parameter and test question’s parameter. Parameters related to test questions 
are the discriminating power of the question (aj), delay due to test questions (di) and 
the level of difficulty of the test questions (bj), while parameters related to the test 
taker are the test taker’s ability (Ɵi) and response time (tij). The implementation of this 
response time should be more realistic compared to that of IRT model that does not 
involve response time parameter, as in reality, a test always has time constraint even 
though not all test providers record this information. 

The developed product should be suitable to be implemented in power test, so suit-
ability test using empirical data needs to be conducted. Data used in analyzing the 
simultaneous model between response accuracy and response time is the score of 
correct answers (1) - wrong answers (0) and the test taker’s response time taking quiz 
of statistics, descriptive statistics materials using CBT provided by the lecturers in 
Institut Agama Islam Negeri Ponorogo that consist of 10 multiple choice questions. 
This quiz is done by 572 students of Institut Agama Islam Negeri Ponorogo from 
various majors and study programs who take Statistics in the even semester in 2017.  

The simultaneous model is developed using joint distribution concept. The follow-
ing are the procedures: 
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• Formulating conditional distribution model of response accuracy with response 
time (two-parameter logistic model) based on the related theoretical review 

• Formulating response time model based on the appropriate marginal distribution 
characteristics (modified lognormal distribution) 

• Multiplying conditional distribution of response accuracy by response time with 
marginal distribution to obtain joint model. 

After the simultaneous model is developed, parameter estimation is conducted. Pa-
rameter estimation is done using Bayesian Markov Chain Monte Carlo (MCMC). This 
method is considered appropriate to simultaneous model with complex parameters as, 
according to Natesan [9], Bayesian method is able to estimate model parameters that 
are very complex, violate IRT basic assumptions, and have small size sample. The 
steps done to estimate the parameters are: 

• Determining likelihood distribution based on the data 
• Determining prior distribution that is suitable with every parameter in the model 
• Determining posterior distribution 
• Implementing Gibbs Sampler algorithm to rise the parameter value based on the 

obtained posterior distribution. The implementation of the algorithm is done with 
the assistance of WinBUGS 1.4 program.  

After the value of all parameters is estimated, the suitability test on the developed 
simultaneous model using empirical data, like what has been explained previously, is 
conducted. The method used is Posterior Predictive Model Checking (PPMC), by 
comparing the difference between the data obtained from the observation and the data 
from the prediction model result (disrepancy) based on the correct answer score using 
a graph. The smaller the difference is, the more suitable the model to model the data.  

The last procedure is analyzing the estimation result of model parameter. The pur-
pose of this analysis is to identify the characters of the test takers and test questions. 

4 Results and Discussion 

In this research, response time is assumed as a random variable. It means time re-
sponse time is not only controlled by the test adminitration officer or computer, but 
also other factors that influence the speed of a test taker in answering the test ques-
tion, so the required time has a certain distribution based on their characteristics. Ac-
cording to Lindsey [14], there are some characteristics worth considering in determin-
ing response time distribution: 

• It has to have positive value 
• Positive skewed (the amount of probability of short response time is bigger than 

the probability of long response time). There are several distributions that are con-
sidered appropriate to the response time characteristics, i.e lognormal distribution, 
weibull and gamma. In this research, lognormal distribution is chosen as a marginal 
distribution because among those three distributions, lognormal distibution is the 
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easiest distribution to interpret. There are some experts who develop the simultane-
ous model using marginal lognormal distribution, like Thissen [29], Ingrisone [24], 
Hidayah and Kumaidi [17]. However, the lognormal distribution structure devel-
oped by those experts is different from each other (the mean definition), as the 
structure of lognormal distribution used in this research, which is a modification of 
lognormal distribution developed by Thissen [29] dan Ingrisone [24]. 

Lognormal distribution shows the relation between response time variable and oth-
er influential variables. Therefore, response time is a dependent variable and other 
influential variables are independent variables. Response time is influenced by many 
factors. Halkitis [30] in their research found that there is a positive relationship be-
tween response time and the questions’ level of difficulty, the question’s dicriminat-
ing power, and the question’s length (time required to reas the question). Then, 
Zenisky and Baldwin [31] study the relationship of response time with the question’s 
level of difficulty, questions’ level of complexity, question’s content and the differ-
ence of question group. Based on those factors, mean of lognormal distribution can be 
redefined to improve the existing model so that it can be more realistically imple-
mented.  

By modifying the lognormal distribution developed by Thissen [29] and Ingrisone 
[24] and considering factors that influence the response time, the mean value of natu-
ral log response time can be formulated as . Natural log response 

time has normal distribution, or in other words, response time distribution has 

lognormal distribution, so , or can be formulated as: 

 (12) 

where  
In the mentioned formula above, mean of all response times is symbolized as v. 

The delay due to test questions is symbolized as di. The bigger the delay parameter 
due to the test questions, the longer the response time needed. This parameter is not 
related to the delay because of the question’s level of difficulty, but the delay because 
of the number of words in the test question or the delay because of the test question is 
in the form of picture or graph like that in Statistics subject. Regression coefficient 
shows the relationship between ability ( ) and the level of difficulty (bj) and re-
sponse time ( ) is symbolized as g and variationd of is symbolized as . 

The formula of two-parameter lgistic model integrated with response time that will 
be developed in this research is the modified results of Hidayah and Kumaidi [17]. 
The following is the model. 
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 (13) 

Based on the model above, the probability of the test taker answering the test ques-
tions correctly is influenced by the test taker’s ability that is symbolized as , the 
test question’s discriminating power that is symbolized as aj, the question’s level of 
difficulty that is symbolized as bj, the delay due to the test question’s factors that is 
symbolized as dj and response time that is symbolized as .  

To obtain the simultaneous model between response accuracy and response time, 
joint distribution concept is implemented. Joint distribution is formulated in the fol-
lowing formula: 

  (14) 

Conditional distribution of response accuracy and response time is formulated as 
follows: 

 (15) 

Marginal distribution of response time is as follows: 

 (16)

 Joint distribution is as follows: 

   (17)
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Parameter estimation method used in this research is Bayesian. In this method, all 
parameters in the model is random variables, so all of them is stated in the form of 
distribution. Parameter estimation is done by determining prior distribution that suits 
every parameter in the model and likelihood distribution that suits the previous data to 
obtain posterior distribution.  

Prior distribution is chosen based on the parameter domain that is based on the the-
ory [32, 33]. The test taker’s ability is in the range of -3 and 3, so the prior distribution 
used is normal, ~N(0.1). The question’s discriminating power is in the range of -3 

and 3, so the prior distribution used is normal, ~N(0.1). The question’s level of 

difficulty is in the range of -3 and 3, so the prior distribution used is normal,

~N(0.1). The delay due to question’s factors always has positive value, so the prior 
distribution used is truncated normal, ~N(0.1); >0. The mean of response time 

is related to the length of time required to answer the question, so the prior distribu-
tion used is gamma distribution, ~ (3.2). Regression coefficient that reflects the 
relationship between the test taker’s ability and the question’s level of difficulty with 
the response time has prior uniform distribution, ~U(0.3,0.7), because the value of 
each random variable g has the same probability. The identified variation also has 
prior uniform distribution, ~U(0.1). 

Likelihood distribution is determined based on data, that is the test taker’s answers 
in the form of dicotomy in which the score for correct answer is 1 and the score for 
wrong answer is 0, so the appropriate likelihood distribution is bernoulli distribution.  

The likelihood distribution is as follows. 

  

 

(18)

 Posterior distribution is the proportion of the multiplication between likelihood dis-
tribution and prior distribution.  

Posterior distribution for parameter  can be formulated as follows. 
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(19) 

Posterior distribution for parameter
  

can be formulated as follows. 
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Posterior distribution for parameter 
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Posterior distribution for parameter  can be formulated as follows. 
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Posterior distribution for parameter  can be formulated as follows. 
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Posterior distribution for parameter g can be formulated as follows. 

 

 

  (24) 

Posterior distribution for parameter can be formulated as follows. 

  

 

(25)

 

Posterior distributions above are models of complex parameters, so the numerical 
iteration uses MCMC. To rise the parameter value based on the mentioned posterior 
distributions above, Gibbs Sampling algorithm is used. The implementation of that 
algorithm is done with the assistance of WinBUGS 1.4 program. The results of the 
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parameter estimation can be used if the iteration has reached convergent condition. 
This condition can be seen in ACF, history and density.  

After developing simulaneous model between response accuracy and response time 
and all parameters have been estimated with the assistance of WinBUGS 1.4 program, 
the suitability test using empirical data needs to be conducted. This test aims to identi-
fy whether the developed simultaneous model is suitable for power test. As explained 
previously, the method used in the suitability test is Posterior Predictive Model 
Checking (PPMC) with graphs. In PPMC, the most important thing to do is the decid-
ing the discrepancy size (the difference between data obtained from the observation 
and data from the model prediction result). In this research, the chosen discrepancy 
size is the distribution of total score. According to Chon, Nozawa and Zhang [34], the 
most effective discrepancy size to identify the model suitability is the total score dis-
tribution. The model is in accordance with the data if the line of total score ditribution 
of the data prediction on the graph is almost close to the line of total score distribution 
of the observation data. The following is the comparison graph of the total score dis-
tribution (Fig. 1). 

 
Fig. 1. The Comparison of Total Score Distribution Data 

From the graph, the lines of the total score ditribution of observation data and pre-
diction data are very close. It shows that the simultaneous model is appropriate to be 
used in power test. 

Next, the results of estimation parameter of simultaneous model using WinBUGS 
Codes are as follow (Table 2). The estimation results of discriminating power parame-
ter (a) in the Table 2 are in the range of 0.6438 and 0.7201. It shows that the ques-
tion’s ability to differentiate the test takers’ high and low ability is fair, as the average 
score is close to 0. 
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Table 2.  The Estimation Results of Parameter a 

Node Mean SD MC Error Median 
a[1] 0.6843 0.0355 0.0025 0.6830 
a[2] 0.7201 0.0386 0.0025 0.7183 
a[3] 0.6662 0.0352 0.0023 0.6650 
a[4] 0.6848 0.0363 0.0024 0.6828 
a[5] 0.6979 0.0361 0.0023 0.6962 
a[6] 0.6697 0.0344 0.0023 0.6678 
a[7] 0.6802 0.0352 0.0025 0.6784 
a[8] 0.6438 0.0365 0.0023 0.6423 
a[9] 0.6808 0.0372 0.0026 0.6780 

a[10] 0.6840 0.0380 0.0025 0,6824 

Table 3.  The Estimation Results of Parameter b 

Node Mean SD MC Error Median 
b[1] 1.403 0.1040 0.0062 1.403 
b[2] 1.207 0.1241 0.0084 1.208 
b[3] 1.404 0.1309 0.0090 1.406 
b[4] 1.379 0.1160 0.0076 1.381 
b[5] 1.363 0.1098 0.0064 1.362 
b[6] 1.449 0.1208 0.0081 1.453 
b[7] 1.445 0.1116 0.0075 1.442 
b[8] 1.461 0.1433 0.0099 1.465 
b[9] 1.439 0.1286 0.0092 1.438 

b[10] 1.320 0.1397 0.0098 1.323 
 
Meanwhile, the estimation results of difficulty level parameter (b) based on the Ta-

ble 3 show that the value is in the range of 1.207 and 1.461. It shows that the given 
test questions are categorized as difficult, because the average score is close to 2. 

The estimation results of delay due to question factors parameter (d) are in the 
range of 0.0521 and 0.1238. This estimation value shows that the test taker’s delay 
because of the test questions factors is categorized as fair as the score is close to 0. 
Delay parameter due to this factor is identified on the questions that consist of picture 
or graph as those in Statistics subject. 

Table 4.  The Estimation Results of Parameter d 

Node Mean SD MC Error Median 
d[1] 0.0521 0.0432 0.0017 0.0415 
d[2] 0.1224 0.0833 0.0057 0.1105 
d[3] 0.0895 0.0696 0.0047 0.073 
d[4] 0.0795 0.0600 0.0033 0.0683 
d[5] 0.0651 0.0509 0.0024 0.0536 
d[6] 0.0716 0.0568 0.0028 0.0583 
d[7] 0.0531 0.0459 0.0022 0.0407 
d[8] 0.0979 0.0709 0.0046 0.0848 
d[9] 0.0774 0.0613 0.0036 0.0639 

d[10] 0.1238 0.0795 0.0049 0.1122 
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If theta value is arranged from the lowest to the highest, the graph will look like the 
following (Fig 2). Based on the graph on Fig 2, it can be concluded that the estimation 
(theta) of students’ ability in Institut Agama Islam Negeri Ponorogo to Statistics sub-
ject, Statistics descriptive materials in the scale of interbal (-3.3) ranges between -2.53 
and 1.2, so it is categorized as low until high. However, to obtain more precise result, 
it requires linier tranformation, for example on the scale of 1 to 10 or on the scale of 1 
to 100. 

 
Fig. 2. The Estimation Results of Theta Parameter 

5 Conclusion 

Based on the results and discussion, it can be concluded that simulataneous model 
developed by multiplying two-parameter logistic model integrated with response time 
by lognormal response time model is the most suitable model for CBT power test. 
However, the conclusion of this suitability test is limited to the use of empirical data. 
For the next research, it is suggested to use simulation data with various scenarios so 
that the data can be compared on how it is suitable for any conditions. Meanwhile, the 
parameter estimation results using Bayesian method on empirical data also lead to 
some conclusions. It can be identified that the estimation results of discriminating 
power parameter show that the question’s ability to differentiate the test taker’s ability 
level is categorized as fair, the estimation results of difficulty level parameter show 
that the given test questions are categorized as difficult, the estimation results of delay 
parameter due to question factor are categorized as fair, and it is considered as reason-
able because the questions are related to pictures and graphs. Finally, the ability esti-
mation (thetha) of the test takers is categorized as low to high. 
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