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Abstract—With the development of information technology, 
colleges and universities around the world are constructing 
E-learning system to meet their students' and faculty's 
needs. E-learning can effectively help students to learn vari-
eties of knowledge and even skills they want to obtain. 
Therefore, the efficiency of E-learning system is important 
to popularize and develop it. Then, in this paper, we investi-
gate to propose a method to evaluate E-learning system in 
higher education based on some criteria. Hereinto, this 
assessment problem can be considered as a multiple attrib-
ute decision making (MADM) problem. Thus, TOPSIS 
method, as a popular multiple attribute decision making 
method, is introduced in this paper to solve this assessment 
problem. In MADM problem, how to acquire preference of 
the decision maker is critical. In order to solve this issue, 
hesitant fuzzy set is developed in this paper. Weight vector, 
as a balance to weight the importance of different attributes, 
is hard to obtain. Then, a new fuzzy weight method is pro-
posed to determine attribute weights. Finally, a case study is 
demonstrated to verify the applicability of this method. 

Index Terms—E-learning system, hesitant fuzzy set, higher 
education, multiple attribute decision making, TOPSIS. 

I. INTRODUCTION 
Modern education seeks to find a way to satisfy the 

demand of students with advanced technology [1]. With 
enhanced and rapid advancements in technology, 
numerous innovative services and applications are being 
developed. E-learning system as a product of the 
development of advanced technology has been attracted 
much attention [2-4]. Online education provides students 
with an educational alternative to face-to-face courses, 
permitting students to proceed, at their own pace, and to 
identify their own personal course timeline. Flexibility, 
interaction, teaching presence, collaborative learning, and 
a great sense of community are very important categories 
in online students' discourses [5-6]. E-learning pedagogy 
allows students to have a more accurate perception of the 
effectiveness of their own learning, increasing student-to-
teacher interaction, as well as critical thinking. Interaction 
among peers, and with teachers, is privileged by e-
learning students promoting the existence of a learning 
community and also emphasized the teacher's expertise 
and role as a facilitator in learning. In sum, it is important 
for developing E-learning system in higher education.  

Therefore, the efficiency of E-learning system is 
significant to popularize and develop it. Then, in this 
paper, we investigate to propose a method to evaluate E-
learning system in higher education based on some 

criteria. Hereinto, this assessment problem can be 
considered as a multiple attribute decision making 
(MADM) problem. In MADM problem, how to acquire 
preference of the decision maker is critical. In order to 
solve this issue, hesitant fuzzy set is developed in this 
paper [7-8]. In the process of hesitant fuzzy information 
aggregation, however, it produces the loss of too much 
information due to the complexity of the aggregation 
process of hesitant fuzzy aggregation operators, which 
implies a lack of precision in the final results [9]. 
Therefore, in order to overcome this disadvantage, 
TOPSIS method, as a popular multiple attribute decision 
making method, is introduced in this paper to solve this 
assessment problem. TOPSIS, proposed by Hwang and 
Yoon [10], is a kind of method to solve MADM problems, 
which aims at choosing the alternative with the shortest 
distance from the positive ideal solution (PIS) and the 
farthest distance from the negative ideal solution (NIS), 
and is widely used for tackling the ranking problems in 
real situations [11-13]. A key step in TOPSIS is the 
selection of distance measure which is fundamentally 
important in a variety of scientific fields such as decision 
pattern recognition, machine learning and market 
prediction. Lots of studies have been done on this issue 
[14-16]. In addition, weight vector, as a balance to weight 
the importance of different attributes, is hard to obtain. 
Then, a new fuzzy weight method is proposed to 
determine attribute weights [17-19]. Finally, a numerical 
example is demonstrated to verify applicable and 
reasonable of this evaluation method in hesitant fuzzy 
environment.  

The rest of this paper is organized as follows. In Section 
2, we review some concepts of hesitant fuzzy sets. Section 
3 proposed the new method including distance measure 
between two hesitant fuzzy numbers, attribute weights and 
the process of the proposed method. A case study is 
demonstrated in Section 4. Finally, Section 5 concludes 
this paper. 

II. THE RELEVANT CONCEPTS AND MODEL  
In this section, we introduce hesitant fuzzy multiple 

decision making methods to evaluate performance of E-
learning system. Based on the basic concepts of hesitant 
fuzzy TOPSIS method, we propose a method to solve this 
problem. 

Torra proposed the concept of hesitant fuzzy set which 
is in terms of a function when applied to a fixed set returns 
a sunset of [0, 1]. Then, in order to easily understood, Xia 
and Xu [18-19] express the hesitant fuzzy set by 
mathematical symbol.  
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Definition 1[20-21]. Let X be a universe of discourse, 
then a hesitant fuzzy set H over X is defined as  

{ , ( ) | }HH x h x x X= < > !      
(1) 

where hH(x) is a set of some values in [0, 1], 
symbolizing the possible membership degrees of the 
element x to H. For convenience, we call h = hH(x) a 
hesitant fuzzy element and H the set of all hesitant fuzzy 
elements. 

Definition 2[20-21] Let h, h1 and h2 be three hesitant 
fuzzy numbers, their basic operations are defined as 

1)  hc = {1 }h! !" #! ; 

2)  h1!h2 = 
1 1 2 2, 1 2max{ , }h h! ! ! !" "! ; 

3)  h1 ! h2 = 
1 1 2 2, 1 2min{ , }h h! ! ! !" "! . 

Here, hc represents the complement of the hesitant 
fuzzy number h. In addition, Torra [13] defined that the 
envelopment of a hesitant fuzzy element is an IFV.  

Definition 3[20-21] Let h, be a hesitant fuzzy number, 
the IFV Aenv(h) as the envelope of h, where Aenv(h) can be 
defined as (h-, 1- h+), with h- = min{! | !!h} and h+ = 
max{! | !!h}. 

1)  Aenv(hc) = (Aenv(h))c; 
2)  Aenv(h1!h2) = Aenv(h1)!Aenv(h2); 
3)  Aenv(h1 ! h2) = Aenv(h1) ! Aenv(h2); 
Then, an aggregation principle for hesitant fuzzy 

elements is proposed by Torra and Narukawa[7] and 
Torra[8]. 

Definition 4 Let H = {h1, h2, …, hn} be a set of n 
hesitant fuzzy elements, ! be a function on H, !  : [0, 
1]N! [0, 1]. !  can be defined as follow: 

! E = ( )
1 2{ ... }

{ }
nh h h!

!
" # # #

$!
               

(2) 

III. PROPOSED METHOD WITH HESITANT FUZZY SET 
In this section, a new TOPSIS method will be 

demonstrated to evaluate the performance of information 
system in higher education including the determination of 
attributes weight, the acquirement of distance measure and 
the process of TOPSIS method. 

A. Distance measure  
The Euclidean distance, as a popular distance, is a 

useful technique for calculating the differences between 
two parameters, such as problems with two elements or 
two sets. The Euclidean distance has been widely applied 
in fuzzy sets, interval-valued fuzzy sets and intuitionistic 
fuzzy sets. 

Definition 5. Let A and B be two hesitant fuzzy sets on 
{ }1 2, ,..., nX x x x= , then the distance measure between A 

and B is defined as d(A,B), which satisfies the following 
properties: 

1)  Non-negativity ( )0 , 1d A B! ! ; 

2)  Commutativity ( ) ( ), ,d A B d B A= ; 

3)  Reflexivity ( ), 0d A B =  if and only if A = B. 

Generally, in hesitant fuzzy sets, the length of the 
membership of h1 denoted by 1( ( ))il h x does not mostly 

equal to that of h2 denoted by 2( ( ))il h x . In order to solve 
this problem, Xu and Xia suggested that we should extend 
the shorter one depending on the decision maker’s risk 
preferences until both of them have the same length. 
Hereinto, optimists expect desirable results and should 
add the maximum value, while pessimists anticipate 
unfavorable outcomes and should add the minimal value. 
In this paper, we suggest that the decision makers are all 
pessimistic. 

Thus, the Euclidean distance can be defined in the 
following: 

Definition 6. Let 1a  and 2a  be two hesitant fuzzy sets 
on { }1 2, ,..., nX x x x= , then the distance measure between 

1a  and 2a  is defined as follows: 

( ) ( ) ( )( )
1
2

2

1 2 1 2
1 1

1 1, -
xi

i

ln

i i
i jx

d a a h x h x
n l

! !

= =

" #$ %
= & '( )( )& '* +, -

. . ! !

  
(3) 

where ( )1 ih x! !

 and ( )2 ih x! !

 are the largest values in 

( )1 ih x  and ( )2 ih x , respectively, which will be applied 
thereafter. 

Example. Let 1a  = {0.2, 0.4} and 2a  = {0.3, 0.6, 0.7} 
be two hesitant fuzzy sets, then the distance measure 
between 1a  and 2a  is calculated as follows: 

Firstly, suppose the preference of decision maker is 
risk-aversion. So, 1a  = {0.2, 0.4}is extended to 1a  = {0.4, 
0.6, 0.8}. Then, it can be further obtained that 

d( 1a , 2a ) = 1/3 {(0.2-0.4)2 + (0.2-0.6)2 + (0.4-0.8)2} 
                 = 0.12. 

B. Attribute weights 
To determine the weights of attributes is important for 

dealing with multiple attribute decision making (MADM) 
problems (reference). Different weights may result in 
different ranking order of the alternatives. Generally, the 
weights can be classified into subjective weights and 
objective weights depending on the information source 
(reference). Subjective weights reflect the subjective 
judgment or intuition of the decision maker, and they can 
be obtained from the preference information given by the 
decision make directly through interviews, questionnaires 
or trade-off interrogations. The most representative 
method is Analytical Hierarchy Process (AHP), which 
was proposed by Saaty in 1971 [22-23]. Objective weights 
are derived from objective information, such as the 
decision matrix.  

In this section, a non-linear programming model will be 
constructed to determine the weight vector w which 
maximizes all deviation values for all the attributes as 
follows: 

( )
2

k
1 1 1 1

2

1

1max -

. . 0, 1,2,..., , 1

n m m l

j ij j
j i k

n

j j
j

D w w h h
l

s t w j n w

! " ! "

"= = = =

=

#
=$

$
%
$ & = =$
'

((( (

(

   (4) 

From this model, we can obtain that 
2

k
1 1 1

2
2

k
1 1 1 1

1 -

1 -

m m l

ij j
i k

j
n m m l

ij j
j i k

h h
lw

h h
l

! " ! "

"

! " ! "

"

= = =

= = = =

=
# $
% &% &
' (

)) )

) )) )
  

(5) 
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In order to simplify, suppose 

 2

k
1 1 1

1 -
m m l

j ij j
i k

Y h h
l

! " ! "

"= = =

=## # , j = 1,2,...,n. 

Then, Eq. (5) can be rewritten as: 

2

1

j
j n

j
j

Y
w

Y
=

=

!
, j = 1,2,...,n.   (6) 

Based on the Eq. (6), the weights of different attributes 
can be obtained in the process of solving the decision 
making problems 

C. Process of proposed method 
In this section, we will propose a procedure to form this 

evaluation model based on mentioned methods, where 
values take the form of hesitant fuzzy numbers. The 
procedure includes the following steps:  

Step1. For a evaluation problem, we construct a 
decision matrix [ ]ij m nH h! "# , where all the arguments ijh! (i 
=1, 2, ..., m; j = 1, 2, ..., n) are hesitant fuzzy numbers, 
given by the decision maker. As for every alternative iA  
(i = 1, 2, ..., m), the decision maker is invited to express 
evaluation or preference according to each attribute jC  (j 
= 1, 2, ..., n) by a hesitant fuzzy number ijh (i = 1, 2, ..., m; 
j = 1, 2, ..., n). Then, based on the risk preference of 
decision maker, a normal decision making matrix can be 
obtained as follows:  

Hm!n =

!h11 !h12 ! "h1n
!h21 !h22 ! "h2n
! ! " !
#hm1 !hm2 ! "hmn

"

#

$
$
$
$
$$

%

&

'
'
'
'
''

 

Step 2. The hesitant fuzzy positive ideal solution PIS 
denoted as A+  and the hesitant fuzzy negative ideal 
solution NIS denoted as A! can be defined as  

A+  = { }( ),max 1,2,...,j iji
x h j n! " = , 

A!  = { }( ),min 1,2,...,j iji
x h j n! " = . 

Step 3. The attribute weights of the n attributes denoted 
as w = (w1, w2, …, wn)T with 0 ! wj ! 1 (j = 1, 2, ..., n) and 

1
1n

ji
w

=
=!  

can be determined by Eqs.(4)-(5). 

Step 4. The separation between alternatives in hesitant 
fuzzy context can be measured by Euclidean distance in 
Eq. (3). 

Step 5. The relative closeness coefficient of an 
alternative with respect to the hesitant fuzzy PIS is defined 
as  

( )
( ) ( )

,

, ,
ij

i
ij ij

d h A
C

d h A d h A

+

+ !
=

+
. 

Here, ( ),ijd h A+ = ( )( )
1

2 2

1 1

1 -
n l

j ij j
j
w h h

l
! " ! "

"

+

= =

# $
% &
' (

) ) , 

( ),ijd h A! = ( )( )
1

2 2

1 1

1 -
n l

j ij j
j
w h h

l
! " ! "

"

#

= =

$ %
& '
( )

* * , i = 1, 2, ..., n. 

Step 6. The rank-order can be obtained using Step 5 
Then, we can select optimal alternative by the largest 
score. 

Step 7. End. 

IV. CASE STUDY 
The evaluation model of E-learning system will be 

demonstrated in this section with the proposed method in 
this paper under hesitant fuzzy environment. 

In order to verify the proposed evaluation methods, we 
invite a famous expert as the decision maker to implement 
process of decision making. Three companies which 
provide E-learning system are selected by the decision 
maker as the alternatives including A1, A2, and A3. Then, 
the decision maker identifies three attributes denoted as 
learning quality C1, satisfaction and interaction C2, and 
technological levels C3 demonstrated. 

TABLE I.   
THE EXPLANATION OF ATTRIBUTES 

 Meaning 
C1 learning quality

 
C2 satisfaction and interaction

 
C3 technological levels

  
The decision maker gives preference of each alternative 

on each attribute, respectively. Therefore, a hesitant fuzzy 
decision matrix 3 3[ ]ijH h !"  can be illustrated in Table 2. 

TABLE II.   
ORIGINAL HESITANT FUZZY DECISION MATRIX 

 A1 A2 A3 
C1 {0.4, 0.5} {0.1, 0.3} {0.5, 0.6} 
C2 {0.5, 0.7} {0.4, 0.5, 0.7} {0.2, 0.3} 
C3 {0.2,} {0.2, 0.3, 0.6} {0.3, 0.4, 0.5} 

 
It can be obtained that the decision maker is risk-

aversion by interviewing with him. Therefore, the normal 
decision matrix can be acquired in Table 3. Then, the 
decision maker can be obtained that the attribute weights 
of these three attributes denoted as w = (0.5, 0.2, 0.3)T 
based on the Eq. (6).  

Based on the Step 4 in the process of decision making, 
it can be calculated that the distance between the each 
alternative and positive ideal solution. Meanwhile, the 
distance between the each alternative and negative ideal 
solution could be also computed. Finally, using Step 5, 
combining the distance measure between each alternative 
and positive ideal solution and negative ideal solution, the 
closeness coefficient can be acquired in Figure 1. Then, 
the rank of this assessment problem is demonstrated as A3 
! A1 !  A2 from Table 4 and Figure 1 From the ranking 
order, we can select that A3 is the best choice to provide E-
learning system.  

V. CONCLUSIONS 
With enhanced and rapid advancements in technology, 

numerous innovative services and applications are being 
developed. E-learning system as a product of the 
development of advanced technology has been attracted 
much attention. Therefore, the efficiency of E-learning 
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system is important to popularize and develop it. Then, in 
this paper, we propose a new TOPSIS method to evaluate 
E-learning system in higher education based on some 
criteria. Here, how to acquire preference of the decision 
maker is critical. In order to solve this issue, hesitant fuzzy 
set is developed in this paper. Weight vector, as a balance 
to weight the importance of different attributes, is hard to 
obtain. Then, a new fuzzy weight method is proposed to 
determine attribute weights. Finally, a case study is 
demonstrated to verify the applicability of this method. 

 
Figure 1.  Closeness coefficient of each alternative 

TABLE III.  NORMAL HESITANT FUZZY DECISION MATRIX 

 A1 A2 A3 
C1 {0.4, 0.5, 0.4} {0.1, 0.3, 0.1} {0.5, 0.6, 0.5} 
C2 {0.5, 0.7, 0.5} {0.4, 0.5, 0.7} {0.2, 0.3, 0.2} 
C3 {0.2, 0.2, 0.2} {0.2, 0.3, 0.6} {0.3, 0.4, 0.5} 

TABLE IV.  SCORES AND RANK BASED ON HFAWA 

 score rank 
A1 0.39 2 
A2 0.36923 3 
A3 0.39334 1 
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